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The ® eld of geometric morphometrics is
relatively new (see Bookstein, 1991; Rohlf
and Marcus, 1993) and has show n very
rapid progress over the last few years. A s
m ight be expected during a period of rap-
id development, there can be technical
problems in some of the pioneering studies
as biologists attempt to apply the new
tools. It is only now becoming clear how
the new techniques should be com bined in
order to carry out comprehensive analyses
of real data sets. Bookstein (1996b) gave a
list of recommendations for such applica-
tions, and Bookstein (1996a) gave severa l
comprehensive examples of morphometric
analyses. However, these accounts do not
address some of the types of applications
that are of particular interest in system atic
b iolog y. Book stein (1994) po inted out
problems with using geometric morpho-
metric methods in the usual character-
based cladistic studies. He emphasized
that morphometrics cannot supply homol-
ogous shape characters. The purpose of
this note is to comment about some recent
applications of morphometric methods in
system atic biology.

This note is particularly concerned with
the morphometric methods used by Zeld-
itch et al. (1992, 1993, 1995), Swidersk i
(1993), Fink and Zelditch (1995), and Zeld-
itch and Fink (1995). These methods were
also used by Burke et al. (1996). For con-
venience, these studies will be referred to
using the acronym Z& F. In these studies
the authors investigated the use of partial
warps (Bookstein, 1991) as variables in on-
togenetic and taxonomic studies. They
were impressed by their observation that
differences in partia l warps scores (Rohlf,
1993b) corresponded to shape differences

that could be localized on the bodies of the
organisms. They also found differences in
these var iab les between developm en ta l
stages and between species. They conclud-
ed that partial warps could be interpreted
and used as traditional taxonomic charac-
ters and would be useful in evolutionary
studies.

Lynch et al. (1996) tried to interpret the
partial warps they obtained in their study
but they were cautious about using them
in the ways advocated by Z&F. They sug-
gested that extensive simulation studies
needed to be done to validate the Z&F ap-
proach. Naylor (1996) investigated Z&F’s
approach using data based on a simulated
phylogeny. Even though his simulated
phylogeny was based on a sequence of
simple morphological changes and had no
homoplasy, the resu lts showed high levels
of homoplasy and did not recover the mor-
phological changes used to create the phy-
logeny.

The present paper is concerned with
theoretical problem s rather than empirical
prob lem s requir ing va lidation throu gh
simulations. The fundamental problem is
that Z&F interpreted the partial warps as
homologous and biologically meaningful
variablesÐ rather than as m athem atically
elegant but biologically arbitrary variables
whose de® nition is not based on any co-
variance patterns in the data. There is also
a problem in their choice of the so-called
``reference.’ ’ This problem is discussed ® rst
as it provides the background that m akes
it easier to explain the other, more impor-
tant, problem s. These include ignoring the
fact that partial warps are usually highly
correlated, using methods whose resu lts
are very sensitive to different choices of the
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F IG U R E 1. Pro jections of three points (v) in shape

space onto two possible tangent lines. Tangent line A

through the central point gives a less distorted rep-

resentation of the relative positions of the projected

points (V ) than does tangent line B. O n tangent line

B, the projections (M) of points 1 and 2 are slightly

closer together than the projections of points 2 and 3.

reference, and a warp-by-warp exam ina-
tion and interpretation of shape variables.
Some suggestions are also m ade for the
ways in which morphometric methods can
be used to study ontogeny and phylogeny.
The companion note by Adams and Ro-
senberg (1998) exam ines the Z&F protocol
in more detail to demonstrate the conse-
quences of different choices of a reference
and different rotations of the tangent
space.

SH A PE SPA C ES A N D TH E CH O ICE O F A

REFER EN CE

Landm ark-based methods of geometric
morphometrics are based on Kenda ll’s
(1981, 1984) de® nition of a shape space.
Shapes (as captured by con ® gurations of
digitized landm arks) can be considered as
points in this multidimensional space. The
distances between points in this space are
invariant to variation in the location, ori-
entation, and scale of the coordinate sys-
tem in which the specimens are digitized.
It is assumed that there are a ® xed num ber
of landmarks, p. Although the geometry of
Kendall’s shape space is complicated, one
can visualize some aspects as the (kp 2 k
± (k 2 1)/2 2 1)-dimensional surface of a
high-dimensional sphere. The appropriate
distances between points are Procrustes
distances, which are geodesic (great circle)
distances usually measured in radians. By
de® nition, sim ilar shapes are those that are
close together and dissim ilar shapes are
far apart with respect to this metric. The
power of the geometric approach is that
this shape space captures all possible vari-
ations in shape of con ® gurations of land-
m arks. It also excludes inform ation about
variation in translation, rotation, and size
(sometimes these are called nuisance pa-
rameters because they are not of interest
as descriptors of shape variation).

Because Kendall’s shape space is a
curved surface it has a non-Euclidean ge-
ometry. As a result conventional linear
multivariate statistical methods are not ap-
propriate. However, when variation in
shape is relatively small it is possible to
approximate the distance relationships be-
tween points by a linear space tangent to

shape space just as a ¯ at m ap can accu-
rately approximate a small region of the
earth’s surface. This tangent space is of the
same dimension as shape space. For ex-
ample, in the case of shapes consisting of
p 5 3 landmark points digitized in k 5 2
dimensions, one can visualize shape space
as the surface of an ordinary sphere and
the tangent space as an ordinary Euclidean
plane touching its surface. Somewhat in-
appropriately, the tangent point is called
the ``reference’ ’ in geometric morphomet-
rics. The statistical distribution of points in
shape space is approximated by the distri-
bution of the projections of the points from
the surface of the sphere onto the tangent
space (Fig. 1 shows a side view ). Due to
the foreshortening of the projections as one
moves away from the reference (and shape
space curves away from the tang ent
space), Euclidean distances between some
pairs of points in tangent space are smaller
than their corresponding Procrustes dis-
tances. This distortion becomes larger as
one considers points further from the ref-
erence. The approxim ation is best when
the reference is close to all of the points
being projected. Using an extreme point as
a reference would clearly be undesirable.
Bookstein (1996b:145) recommended that
one ``use a sensible reference form . . . best
taken as the grand mean form’ ’ to opti-
m ize the approximation of shape space by
the tangent space. For this reason, the ref-
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erence should be taken as the mean of the
observed shapes after differences due to
location, orientation, and size are removed
using generalized orthogonal least-squares
Procrustes analysis (GLS, Rohlf and Slice,
1990).

Zelditch et al. (1992), in a study of cotton
rats from 1 to 30 days old, used the mean
1-day-old form as the reference (which
they called the ``starting form ’’ ). Fink and
Zelditch (1995), Zelditch and Fink (1995),
and Zelditch et al. (1995), in studies of pi-
ranhas, used an average of three juveniles
of an outgroup species as the reference.
T hese cho ices were m ade b ecause it
seemed logical to compare different devel-
opmental stages to an initial one or to
compare taxa to an outgroup. However, as
discussed already, the reference in geo-
metric morphometrics is not a standard to
which other shapes are to be compared.
The reference is simply the shape that de-
® nes the tangent space approxim ation so
that linear statistical methods can be used
to study shape. The choice of reference has
nothing to do with the statistical compar-
isons to be made within the tangent space.
To avoid this confusion about the purpose
of the reference, Rohlf et al. (1996) referred
to the reference as the ``tangent point’ ’ or
the ``tangent con ® guration.’ ’ Once a tan-
gent space is de® ned, one has a set of
shape variables that can be used to m ake
any desired comparisons. Developmental
stages can be compared to an early stage
or taxa to outgroups and so forth using
standard statistical designs and multivar-
iate methods within the tangent space.

A program, tpsSmall (Rohlf, 1997), is
available to help one assess the accuracy of
the approxim ation of shape space by the
tangent space. It measures the accuracy by
the correlation between Euclidean distanc-
es in the tangent space and Procrustes dis-
tances in shape space. Uncentered corre-
lations are computed by the program
because any line corresponding to the re-
lationship between these distances must
go through the origin. The approxim ation
is usually very good.

The effects of different choices of a ref-
erence on distances in the tangent space

are expected to be relatively m inor. The
well-known rat grow th data (data from
Bookstein, 1991) can be used as an exam -
ple. It consists of eight well-spaced land-
m arks digitized around the brain case of
164 rats from 7 to 150 days of age. The
effects of severa l different choices for the
reference were investigated (the overall
mean, the mean of the 7-day-old rats, and
each of the ® rst three 7-day-old speci-
mens). The entire set of 164 specimens was
projected onto tangent spaces de® ned by
the different references by using matrices
of partial warp scores based on each ref-
erence. These m atrices were then used to
compute m atrices of distances among the
164 specimens. Uncentered correlations
among the distance m atrices for the three
specimens and between each of them and
the m atrix based on the mean of the 7-day-
old rats ranged from 0.99978 to 0.99998.
The correlation between the distance m a-
trix using the mean of the 7-day-old rats
as a reference and the distance matrix us-
ing the mean of the entire data set as a
reference was 0.99809. The partial warps
ignore uniform shape differences (af® ne
differences), which are very large in this
data set. If Bookstein’s (1996c) estim ates of
the uniform component are appended as
additional variables the correlation rises to
0.99986. Thus the patterns of similarities
and differences captured by the tangent
space are quite stable; that is, the relative
distances between the points in the tan-
gent space are not changed much due to
changes in the reference. Even though it
m ay make little difference, the GLS con-
sensus should be used as the reference be-
cause it is easy to compute and it mini-
m izes errors in the approximation of shape
space. On the other hand, the individual
partial warps themselves are not very sta-
ble. This problem is discussed in the next
section.

SH A PE VA RIA BLES

When one uses conventional statistical
analyses to study variation, to compare
shapes, or to explore the covariation of
shape with extrinsic variables, one needs
values for each specimen on a set of shape
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variables. Shape variables can be generated
in m any different ways. The choice is im -
portant because different sets of variables
have different interpretations and may
lead to different statistical conclusions in
some kinds of analyses. A simple set of
shape variables is the set of kp coordinates
of the p landm arks in k dimensions for n
specimens after they have been aligned to
the reference using GLS superim position.
The coordinates can be interpreted as vari-
ables that, when taken together, de® ne the
position of each specimen in tangent space.
However, these variables are redundant
because tangent space has only kp 2 k 2
k(k 2 1)/2 2 1 dimensions (after the re-
moval of the effects of differences in trans-
lation, rotation, and size). One can obtain
a nonredundant set of shape variables by
using Bookstein shape coordinates (Book-
stein , 1991) to align the specimens along
one or more baselines. The resu lting shape
variables are easy to understand, but they
do not yield as good an approxim ation of
shape space as do the residu als from a
GLS superim position.

Another method (the one used by Z&F)
is to use Bookstein’s (1989) partial warps
as shape variables. See Bookstein (1989,
1991) or Rohlf (1996) for the details of their
computation and interpretation. Only the
properties relevant to the present discus-
sion are presen ted here. The p 2 k 2 1
principal warps are eigenvectors of a bend-
ing energy matrix and are computed using
only inform ation from the reference con-
® guration. The principal warp vectors al-
low one to describe the ways in which it
is possible to deform the shape of the ref-
erence con ® guration. The partia l warps are
computed by projecting the x and y (and
possibly z) coordinates of the aligned spec-
imens separately onto each of the principal
warp vectors. The partial warps are shape
variables that can be viewed as geometri-
cally orthogonal coordinate axes for the
part of tangent space that corresponds to
shapes that can be described in term s of
nonlinear deform ations (localized changes)
of the reference con ® guration. This is often
called the nonaf® ne shape component.
One can also generate shape variables that

describe shapes that correspond to af® ne
(i.e., nonlocal) deform ations of the refer-
ence (see Bookstein, 1996c). These are usu-
ally referred to as the uniform shape com-
ponent and can be thought of as the zeroth
partial warps.

Partial warps have the mathematically
elegant interpretation of giving a coordi-
nate system for the tangent space that also
corresponds to a decomposition of the po-
tential modes of shape variation into geo-
metrically orthogonal components at dif-
ferent spatial scales. Principal warps with
large eigenvalues (large bending energies)
correspond to sm all-scale shape changes,
and those with sm all eigenvalues corre-
spond to large-scale shape changes. Note
that the patterns of shape changes corre-
sponding to each warp are based only on
the con® guration of landm arks in the ref-
erence (Bookstein, 1991). No inform ation
on shape variation or covariation is taken
into consideration (Rohlf, 1993b, 1996). The
partial warp scores for a specimen are sca-
lar values for each dimension indicating
how much of each principal warp is need-
ed to account for the observed differences
between the specimen and the reference.
The specimens have no in¯ uence on the
kind of shape change corresponding to
each principal warp and hence have no in-
¯ uences on the meaning of each partia l
warp.

Although the tangent space is quite sta-
ble (as discussed earlier), the orientations
and hence the interpretations of the partia l
warp axes are not very stable. One way to
demonstrate this is to compute angles be-
tween principal warps based on different
references. The angles can be computed as
the absolute value of the arccosines of the
product of one m atrix of norm alized prin-
cipal warps times the transpose of another
such m atrix. Ideally, the result would be a
m atrix with angles of 0 8 down the diago-
nal and angles of 90 8 in the off-diagonal
entries. The entries down the diagonal are
shown in Table 1 for the rat data. The an-
gles for comparisons of the ® rst three spec-
imens with the average of the 7-day-old
rats are given in the ® rst three row s. The
angles varied from 24.8 8 to 87.8 8 . The com-
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TA B L E 1. Angles (in degrees) between principal warps based on different references for the rat data from

Bookstein (1991). Warps are ordered from smallest to largest spatial scales.

Comparisons

Principal warps

1 2 3 4 5

Specimen 1 vs. mean 7 day old 33.7 63.0 69.6 74.0 87.8

Specimen 2 vs. mean 7 day old 38.6 39.0 39.8 44.5 54.8

Specimen 3 vs. mean 7 day old 73.1 45.9 24.8 51.7 84.1

Mean 7 day old vs. overall mean 89.0 87.9 70.1 64.5 72.4

parison of the principal warps using the
average of the 7-day-old rats as a reference
versus using the mean of the entire data
set as a reference are given in the last row.
The angles varied from 64.5 8 to 89.0 8 .
There was also high variability in the off-
diagonal angles in each of the compari-
sons. Thus the pattern of shape changes
implied by each principal warp (and hence
the biological interpretation of each partial
warp) is very sensitive to the choice for the
reference. One expects the sm allest scale
(most localized) principal warps to be
quite sensitive to sm all changes in the
shape of the reference con ® guration. An-
other way to demonstrate the lack of sta-
bility is simply to move a landm ark in the
reference and visualize the new principal
warps as thin-plate splines (an example
using arti ® cial data is given later).

Zelditch et al. (1995) emphasize that the
partial warps corresponded to shape dif-
ferences that can be localized on the body
of the organism s. This is not, however, a
unique property of partia l warps. The en-
tire space spanned by the partial warps
(other than the 0th) as well as all linear
combinations of the partia l warps have
this property. As Zelditch et al. (1992:1169)
pointed out, ``There is no biological infor-
m ation . . . in the coef® cients for each land-
m ark in these eigenvectors. Rather, these
principal warps provide a basis for com -
parison, a list of features, each progres-
sively more localized, for comparisons of
differences between forms.’ ’ This state-
ment also applies to the partial warps be-
cause the partial warps are just the prin-
cipal warps multiplied by scalar weights
for each dimension. One expects the space
spanned by the partia l warps to contain

useful and biologically interpretable infor-
m ationÐ they span the part of tangent
space that contains inform ation on all pos-
sible shape variables that can be localized.
As discussed in the next section, there is
no reason to expect the partia l warps to
represent directions that should be of par-
ticular biological interest. Even though the
landmarks m ay be homologous, it is dif® -
cult to think of arbitrary linear combina-
tions as being homologous. Curiously,
Zelditch et al. (1992) described and inter-
preted each partia l warp and performed
tests of signi® cance for age differences for
each partial warp separately.

B IOLO G ICA L IN TERPRETA TIO N O F PA RTIAL

W A RP S?

An important problem with the Z&F
studies is that they use and interpret each
partial warp separately. Zelditch and Fink
(1995:343) correctly observed that a limi-
tation of the interpretation of Bookstein
shape coordinates for studies of develop-
mental integration is that ``we cannot
know in advance of analysis which trian-
gles span developmentally autonomous
units and which combinations of triangles
extend over developmentally integrated ar-
eas.’ ’ Partial warps have the same kind of
limitation because they are simply weight-
ed principal warps whose pattern of de-
form ation is determ ined in advance by the
con® guration of landmarks in the refer-
ence and not by the patterns of covariation
in the data.

Zelditch et al. (1992:1176) reported a
higher level of integration of the different
parts of the skull than they expected based
on conventional interpretations of m am-
m alian skull growth. They also reported a
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lack of evidence for developmental units
corresponding to the facial skull or cranial
base. Their conclusions were based on their
observation that the large-scale partia l
warp s described shape deform ation s
across many different parts of the skull
and that the effects of the sm all-scale par-
tial warps were not localized correspond-
ing to the traditional developmental units.
These conclusions are unwarranted. The
deform ations corresponding to the princi-
pal warps (and hence the partial warps)
are, as discussed earlier, functions of just
the con® guration of landm arks in the ref-
erence and does not take into considera-
tion patterns of covariation among the
landm arks. The fact that a partial warp
does or does not align with biologically
meaningful structures is fortuitous.

The follow ing arti ® cial exam ple m ay be
helpful. Figure 2a shows a con ® guration
with three landm arks in each of two
groups. Using this con ® guration as a ref-
erence, the principal warps can be com -
puted (they are shown separately as x and
y deform ations). Figure 3 show s a con ® g-
uration of landm arks in which the upper
group of landm arks has been expanded to
represent a sim ple change in a single bi-
ological feature. This change can also be
shown as a thin -plate spline deform ation
of the reference as shown in Figure 3b.
Figure 4 shows the decom position of the
deform ation in Figure 3b into its three
partial warps. The x and y contributions
to each partial warp are shown join tly.
Partial warp 1 is principal warp 1 with a
weight of 0.0 for the x-axis and ± 0.46 for
the y-axis. Because the coef ® cient is neg-
ative for the y-axis, the implied deform a-
tion is a relative expansion of the sizes of
both groups of landm arks. The second
partial warp is principal warp 2 with a
weight of 0.0 for the x-axis and 0.58 for
the y-axis. This expansion of the upper
group of landmarks relative to the lower
group is the type of pattern that one
would intuitively expect. However, it is
too extreme in its com pression of the low-
er region. The third partial warp is the
third principal warp with weigh ts of 1.0
for the x-axis and 0.0 for the y-axis. This

warp also shows an extreme com pression
of the lower group of landm arks but this
tim e in the x direction. The second and
third partial warps are extrem e in order
to com pensate for the pattern in the ® rst
partial warp that show s an expansion in
the lower group of landm arks. Note that
in a sense the effects of the partial warps
are not really localized Ð their effects are
best described as contrasts in which the
expansions of som e regions are relative to
compressions in others. The partial warps
in Figure 4 m ight seem to suggest inte-
gration because the warps have a comple-
m entary effect on the two regions. This is
an unwarranted conclusion because the
partial warps cannot show any pattern of
deform ation that is not given by the prin-
cipal warps, and the principal warps are
only a function of the reference, not of the
covariance am ong the landm arks. Sepa-
rate warp-by-warp exam inations of the
partial warps cannot reveal either a pat-
tern of partitioning of landm arks into
covarying groups nor their integration
across groups.

Note that three partial warps were re-
quired to yield the simple morphological
d ifference that was used to create the con-
® guration in Figure 3a. Because the warps
are based only on the reference, it is un-
likely that one of them would correspond
to an appropriate morphological change.
Sim ilar results were found by Naylor
(1996) in his simulations. Figure 5 dem -
onstrates the sensitivity of the meaning of
a warp to sm all changes in the reference.
Figure 5a differs from Figure 2a only in
that landm ark 2 has been moved closer to
landm ark 1. F igures 5b and 5c show the
resultant sm allest scale principal warp in
term s of x- and y-deform ations. The
m eaning of th is warp has changed consid-
erably from that shown in Figures 2b and
2e. In view of these properties of principal
and partial warps, it does not make much
sense to try to interpret them as homolo-
gous characters . Bookstein (1994) discuss-
es severa l additional theoretical reasons
why partial warps should not be treated
as hom ologou s ch arac ters . However,
when taken together the partial warps de-
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F IG U R E 2. A reference con ® guration (a) and its principal warps (b ± g). The warps are ordered from sm allest

(toward the left) to largest (right) spatial scale and expressed as deformation in x coordinates (b± d) and in y

coordinates (e ± g). The bending energies are 0.255, 0.140, and 0.125.

® ne a space that captures the variation in

all possible nonaf® ne shape variables.

Paradox ica lly, it d oe s th is w el l even

though each variable by itself is somew hat

arbitrary and need not be especially in-

teresting biologically.

UN IV AR IATE VERSU S M U LTIVA RIATE

AN A LYSES O F SH A PE

Another important problem with the
methods used by Z&F is that they perform
statistical analyses on the partial warps
one at a time. Although the partia l warps
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F IG U R E 3. (a) D ata con® rguration in which the size

of the region delim ited by landm arks 1± 3 has been

expanded. (b) Thin-plate spline from the reference in

Figure 2a to the data con ® guration.

F IG U R E 4. Partial warps for the specimen in Figure 3a using the principal warps shown in Figure 2. D espite

the fact that the only change was the enlargement of a single region, three partial warps were required to

express the change.

are geometrically orthogonal, they are not
statistically orthogonalÐ that is, they are
not statistically independent. In fact, they
tend to be highly correlated. For the rat
growth data mentioned earlier, almost half
of the correlations between pairs of partia l
warps were greater than 0.5 and m any
were larger than 0.8. Performing a series
of univariate tests assumes either that the
variables are statistically independent or
that each variable is of particular biological
interest a priori. Partial warps meet neither

of these conditions. Standard multivariate
statistical methods can be used to take
these correlations into account and to
m ake use of the tangent space as a whole.

It is essential that methods be used
whose results do not depend upon the
particular orientation of the partia l warp
axes in the tangent space. Thus Bookstein

(1996b:146) warns that one should not ``be-
lieve any multivariate analysis unless its

substantive import is independent of the

choice of this basis [i.e., the choice of shape
variables] . . . A ny ® nding that requires

the use of partia l warps is erroneous.’ ’

This means that studies that analyze par-
tial warps must use statistical methods

whose resu lts are invariant to the effects of

orthonorm al transformations of the vari-
ables. An orthonormal transform ation is a

linear transform ation of a multivariate

space that can be visualized as a rigid ro-
tation of the coordinate axes. Distances be-

tween pairs of points and angles between

vectors are not effected by such transfor-
m ations (Reyment and JoÈ reskog, 1993:46).

Note that we are referring here to trans-

form ations of the multivariate space of
shape variables and not to rotations of the

organism . The principal warps are invari-

ant to changes in the orientation of the or-
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F IG U R E 5. The effect of a sm all change in the reference on the sm allest scale principal warp. (a) A reference

as in Figure 2a but with landm ark 2 moved closer to landm ark 1. (b , c) Sm allest scale principal warp expressed

as a deform ation in the x and y coordiinates, respectively. The corresponding shape variable is now a contrast

in the relative positions of landm arks 1 and 2, whereas in Figures 2b and 2e it was a contrast in the positions

of landm arks 1,4,5 versus 2,3,6.

ganism but the partial warps are not. Ro-
tations of the axes generate new shape
var iab les . A lthough indiv idu ally these
m ay or m ay not be more interpretable than
those corresponding to some other rota-
tion, taken as a whole they all capture the
same inform ation about shape variation.
T hu s appropr iate s tatis t ical m ethod s
should lead to the same resu lts. This al-
lows one to use the partia l warps as shape
variables w ithout assum ing them to be es-
pecially meaningful one at a time.

The protocols used by Z&F do not share
the invariance properties just described.
The most important problem is that they
exam ined each principal warp individual-
ly to determ ine its usefulness for yielding
partial warps as taxonomic characters. On-
togenetic changes were estim ated for each
warp by perform ing multiple regression
analyses to predict size as a function of the
pairs of x and y components of each partial
warp. Although an overall test for onto-
genetic shape change can be made by re-
gressing size onto all of the partial warps,
separate regression of size onto pairs of
partial warps assumes that each principal
warp corresponds to a biologically mean-
ingful unit. When signi® cant relationships
were found, they regressed each partial

warp onto size. The resu lts of these re-
gression analyses were reduced to discrete
states so they could be analyzed by parsi-
mony analyses. This was done as a func-
tion of the existence of statistically signi® -
cant regression coef ® cients and their signs.
The effects of breaking up continuous vari-
ab les (d ifferences b etween regress ion
slopes) into discrete states is also not in-
variant to rotations of axes.

On the other hand, the resu lts of analy-
ses such as principal components analysis
(PCA) and clustering of Euclidean distance
m atrices are invariant to rigid rotations of
axes. Methods such as multivariate analy-
sis of variance (M ANOVA), Hotelling’s
generalized T 2 tests, canonical variates
analysis (CVA), multivariate regression,
and Mahalanobis distances are invariant
not only to rigid rotations but also to af ® ne
transformations as well (they are, for ex-
ample, also invariant to the effects of mul-
tiplication of the axes by scale factors).
Rohlf et al. (1996) give a num ber of ex-
amples of the application of these methods
to geometric morphometrics.

Multivariate analyses can also be used
to construct empirically interesting shape
variables. For example, one can construct
statistically orthogonal sets of variables
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that account for the majority of the vari-
ance in a few dimensions (principal com-
ponents) or that best distinguish between
two groups (discrim inant functions). There
are a num ber of ways to display such
sh ap e var iables . A visua lly appea lin g
method is to construct hypothetical shapes
using the thin-plate spline. Rohlf et al.
(1996) show several examples. Computer
program s are available from the Stony
Brook Morphometrics www pages (http:/
/life.bio.sunysb.edu/morph) that provide
these visualizations for a variety of statis-
tical analyses.

On the other hand, one m ight argue that
in cladistic studies one is not interested in
distances but only in character states. In
that case, it seem s illogical to base the char-
acters on partial warps because partia l
warps are based on a geometry that de-
pends on Procrustes distances between
pairs of shapes.

D ISCU SSIO N

Bookstein (1994) pointed out a num ber
of theoretical problems in applying mor-
phometric methods in character-based cla-
distic analyses. These problem s are con-
sequences of the fact that shape space is
curved and high dimensional. Although
his arguments are somewhat abstract, the
problem s are real and cannot be ignored.
Two problems are of particular interest
and are discussed here.

First, due to the fact that Kendall’s (1981,
1984) shape space is curved, the meaning
of a shape change resu lting from a speci-
® ed change in the value of a shape variable
differs depending upon the values of other
shape variables. For example, a change in
shape variable A from a value of 1 to 2
followed by a change in variable B from a
value of 0 to 1 does not yield the exact
same ® nal shape that would resu lt if the
change was in variable B followed by the
change in variable A. Thus the biological
meaning of a shape change in a shape
variable depends upon the values of the
other shape variables. Bookstein (1994)
discussed this lack of commutivity of
shape transform ations. He also discussed
a related problem that he referred to as the

nonexistence of rectangles in shape space.
These properties of shape variables are in-
compatible w ith methods that treat vari-
ables and their states as entities that can be
treated as biologically meaningful units.

A second problem Bookstein (1994) re-
ferred to as the shape nonmonotonicity
theorem. There is an in® nite number of
different arbitrary rotations of shape space.
Each rotation leads to shape variables that
can have different ordering and spacing of
points along particular axes. For three non-
collinea r points in two-dimensional space
(2D) or four noncollinear points in 3D one
can easily rotate the space to ® nd a shape
variable that gives any ordering of the
OTUs that one wishes. For more land-
m arks there are geometric constraints (e.g.,
interior landmarks cannot be at either end
of the orderings), but a great m any order-
ings are still possible. Thus, as discussed
earlier, methods need to take into account
the facts that partial warps need not be of
particular biological interest and that vari-
ables generated by different rotations of
the tangent space may be of equal or great-
er interest. Although Z&F were successful
in ® nding taxonomically useful characters,
that does not mean that the partial warps
they used are especially meaningful. O ther
linear combinations of the partial warps
(e.g., rotations resulting from slightly dif-
ferent choices of the reference con ® gura-
tion) are just as likely to be interpretable.
Of course, one may ® nd taxonom ically
useful characters serendipitously. All di-
rections in tangent space correspond to
shape variables, and it is likely that most
can be interpreted in some way. In order
to use shape variables w ith a protocol that
is not invariant to rotation one needs to
justify that the selected variables are each
of particular biological interest in compar-
ison to an in ® nite number of other possible
shape variables. Variables based on empir-
ical patterns of covariation in the data are
more likely to be biologically meaningful
than those generated by an arbitrary a
priori rotation of shape space.

An analogy to the use of Fourier analy-
sis (Lestrel, 1997) to study variation in out-
line shape m ay be helpful for those al-
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ready familiar with that approach. Fourier
coef® cients give the weights for the contri-
bution of the sine and cosine term s for
each harmonic just as partial warp scores
give the weights for each principal warp.
Given a suf® cient num ber of harmonics
and carefully aligned outlines, Fourier co-
ef® cients can be used as coordinate axes
for a space in which points correspond to
shapes of entire outlines (Rohlf, 1990,
1993a) just as partial warp scores can be
used as coordinate axes for a shape space
where points correspond to entire land-
m ark con® gurations. The different har-
monics refer to different spatial scales, as
do the principal warps. One should not try
to give biological interpretations to the in-
dividual harmonics (Bookstein et al., 1982;
Rohlf, 1993a), because they are a priori de-
® ned variables that do not take patterns of
covariation into account. The individual
partial warps should not be interpreted for
similar reasons. The relationship between
Fourier coef® cients and the physics of vi-
brating strings is irreleva nt to their use for
the analysis of outline shape. Similarly, the
relationship between partial warp scores
and the physics of deform ations of thin
metal plates is irrelevant to their use for
the analysis of the shapes of con ® gurations
of landm arks.

The comments just expressed should not
be interpreted as implying that geometric
morphometric methods cannot be used in
evolutionary biology. Analyses must take
into account that partial warps are contin-
uous variables and the orientations of the
partial warp axes are arbitrary biologically.
Bookstein’s (1994) critique is mostly aimed
at attempts to use partial warps as char-
acters in cladistic studies and on the use
of statistical distance coef® cients to mea-
sure diss im ilarity between shap es. It
should also be clear that the presen t paper
is concerned with genera l mathematical
and statistical issues that have nothing to
do with the phenetics/cladistics controver-
sies, because we are not concerned here
with methods for creating classi® cations.

For phylogenetic estim ation one could
use Felsenstein’s (1981) m aximum -likeli-
hood method for continuous data or Mad-

dison’s (1991) squared-change parsim ony
methods, because they are invariant to the
effects of rotation. The m aximum -likeli-
hood method is particularly appropriate,
because the Procrustes metric used to de-
® ne shape space is consistent with mod-
eling morphological change as a multidi-
mensional random walk. Methods based
on Manhattan distances or those that re-
quire the reduction of continuous variables
into discrete states are not appropriate for
geom etric m orphom etr ic variables, be-
cause their resu lts are not invariant to the
effects of arbitrary rotations of shape
space. A lim itation to the use of shape
space to estimate phylogeny is the fact that
morphometric analyses typically are lim -
ited to a single structure whose compo-
nents are often highly correlated. Thus
shape space often represents just a few in-
dependent characters (however de® ned). It
w ill probably prove to be much more use-
ful to ® t an estim ated phylogeny obtained
from other data and study how shapes
change along the estim ated lineages (see
Bookstein, 1994:211).

The ® eld of geometric morphometrics
has reached a level of m aturity where
problems in ecopheno typy and evolution-
ary biology can now be investigated. The
studies must be based, however, on a ® rm
understanding of the methods being used
to m inim ize the possibility of biases and
statistical artifacts in the resu lts. The new
methods are very powerful and must be
used with care.
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